Variance components of the covariance function coefficients in a random regression test-day model were estimated by Legendre polynomials up to a fifth order for first-parity records of Dutch dairy cows using Gibbs sampling. Two Legendre polynomials of equal order were used to model the random part of the lactation curve, one for the genetic component and one for permanent environment. Test-day records from cows registered between 1990 to 1996 and collected by regular milk recording were available. For the data set, 23,700 complete lactations were selected from 475 herds sired by 262 sires.
INTRODUCTION
Test-day models (TDM) recently have received much attention as a genetic evaluation model in dairy cattle. By using single test-day records instead of 305-d lactation records, a TDM can account for the effect of test date, number of records, interval between records, and order of test-day records (20) . Above that, no longer is there any need to project incomplete lactations beforehand (25) . Moreover, models using longitudinal measurements will include information about the pattern of a lactation curve for a cow (22) . Several types of TDM were described [for a review see Swalve (25) ]: a repeatability model (19) , a random regression model (RRM) (22) , a covariance function model (11) , and a multiple-trait approach with reduced rank (28) . In the repeatability model, each test-day record is assumed to be a measure of the same trait, in contrast to the multiple-trait model in which each test-day is modeled as a different trait. However, in the RRM and covariance function approach, a fixed average lactation curve and a random regression for the individual deviations are used to model the lactation curve of a cow. Therefore, the RRM enabled us to model the shape of the lactation with a restricted number of parameters.
The first function applied to model the random part of the lactation curve in a RRM (10, 22) was the Ali and Schaeffer curve (1); the Wilmink function (29) also has been used (8) . More recently, Legendre polynomials (LEG) have been applied by Kirkpatick et al. (11) . Legendre polynomials, as used in this study, have the benefit that 1) the functions are orthogonal, which is useful for analyzing patterns of genetic variation (12) , 2) missing records can be predicted more accurately than with the Wilmink curve (16), and 3) higher orders were estimable when conventional polynomials failed (16) because of better convergence.
Although the number of parameters to be estimated per animal in an RRM is substantially lower than in the multiple-trait approach, the number of function parameters still restricts the feasibility of a TDM because of limited computing resources. In a genetic RRM the same number of parameters fitted for the genetic part is needed for the permanent environmental part.
Initially, the animal component in the genetic RRM was modeled by a function for the genetic part but only by one parameter for the permanent environmental part (i.e., a zero-order polynomial) (7, 10) . As a result, predictions of genetic variances were overestimated at the extremes of the lactation curve. The correlations between DIM became negative for days further apart, and heritabilities were highest at the beginning and end of lactation (6, 10) , which was unexpected and in contrast to those observed from multivariate analysis (14, 16, 18, 28) . When the genetic and permanent environmental components were both modeled by a polynomial regression, predictions became more accurate. However, variance predictions at the extremes of the trajectory were still overestimated, and residuals showed a systematic pattern over the lactation period (8) . Low flexibility of the lactation function (10) and unequal weighting of data points with relatively more weight towards the extremes of the lactation period (13) were suggested to cause such bias.
To assess the order of fit needed for modeling the underlying structure in the data sufficiently, one could use the maximum likelihood test (12) . In general, the likelihood improved steadily with the order of fit (13, 15, 16, 26) . However, for breeding value estimation, the accuracy and fluctuation of predictions is more important (17) . The same order has been suggested (15, 16) for both the genetic and environmental covariance matrices to ensure that both curves had equal flexibility.
The RRM estimates have often (10, 17, 21, 26 ) been compared with estimates from multiple-trait analyses. Although the multiple-trait analyses might be prone to uncertainties in the data because of lack of smoothing and modeling of different fixed effects, it should indicate the expected overall shape of the RRM. Eigenvalues of the genetic (co)variance matrix were calculated to indicate the relative impact and biological meaning of the successive orders (13, 15, 26) .
Choices made for the RRM used in this study were based on results from earlier work. The order of fit needed to describe the lactation curve was investigated in a phenotypic RRM study (16) . A fifth-order Legendre polynomial was found to be sufficient (i.e., with six random regression coefficients) but up to a seventh-order of fit was estimable. However, further work (17) showed that when only complete lactations were used for parameter estimation, one order less could be fitted without significantly reducing the goodness-of-fit. Also, a correction for heterogeneous variance over DIM allowed a reduction, but the overall computing time increased and, therefore, the latter was not implemented in this study. Thus, more accurate predictions were achieved when higher order polynomials were used (16) when only complete lactation records were included for the parameter estimation (17) in a phenotypic Legendre polynomial TDM study. To distinguish the fit of different polynomial orders, criteria such as the shape of the covariance and correlation structure predicted versus that observed for the data and the mean square error for prediction of missing records for different patterns of deleted records were used.
The aim of this study was to estimate and compare genetic and permanent environmental parameters of Legendre polynomials in a genetic RRM up to a fifth order of fit, by using a large data set of only complete lactations for first parity dairy cows in the Netherlands. To determine the order of fit needed (i.e., sufficient goodness-of-fit), we compared the covariance and correlation structures predicted for both the genetic and permanent environmental components for different orders of fit with those obtained from bivariate analyses.
MATERIALS AND METHODS

Data
In total, a data set was available for 2.2 million firstlactation records of Dutch Holstein-Friesian cows registered between July 1990 and December 1996. Edits were for age at calving (22 to 32 mo), breed (≥50% Holstein-Friesian), both parents known and test-day records from d 5 until 335. Milk recording frequency varied from weekly to 3-, 4-and 6-wk schemes between farms. Only complete lactations were selected to avoid any implicit interpolation or extrapolation in the model (17) . A complete lactation was considered to have a minimum of six milk recordings, an average test-day interval of a maximum 50 d, at least one test-day record at or before d 80, and one at or after d 280. In total, 14% of the lactation records were incomplete. The edited data contained 14.7 million test-day records on 1,427,848 first lactations from 20,659 herds with over 1.1 million herd test dates and sired by 7369 bulls.
To obtain a smaller, more balanced and informative data set of approximately 20,000 lactations, restrictions were set to a minimum of 10 test-day records per herd test date and to animals with at least nine paternal half-sibs in the data set. The final data set contained 254,431 test-day records of 23,700 first-lactation records with an average test-day milk yield of 22.9 kg and a standard deviation of 5.3 kg. Lactation records selected were realized on 475 farms and included 14,069 herd test dates. The selected animals, sired by 262 bulls, were assumed to be a random sample from the Dutch dairy cattle population. Pedigree information was obtained from the national database. Animals not contributing connections (i.e., both parents unknown and only one offspring) were excluded. The final pedigree con-tained in total 63,853 entries, which were the offspring of 4030 sires.
Model
Test-day records were modeled with Legendre polynomials (11, 12) of different orders of fit [LEG(m)]. Parameters were estimated up to a fifth order of fit (i.e., 12 random regression coefficients per cow, six for the genetic component and six for the permanent environmental component). The matrix notation of the model is LEG(m): y = Xb + Zu + Wp + e [1] where, y = (n × 1) vector with test-day milk yields with n = number of observations; b = [µ; ys; age; cDIM; HTD]′ = vector with fixed effects, where µ = the overall mean, ys = year season of calving (classes of 3 mo within year), age = age at calving (age classes of 4 months), cDIM = weekly classes for days in milk, to model the average lactation curve, and HTD = herd test date effect; u = vector with ω random regression coefficients per animal (k (ω) ) for the genetic effects of all animals, where ω = m + 1, with m = order of fit; p = vector with ω random regression coefficients (l (ω) ) for the permanent environmental effects of animals with test-day records; e = vector of residual effects; X = incidence matrix for the fixed effects; Z and W = incidence matrices for the genetic and permanent environmental effects, and Z is partitioned as [Z 1 Z 2 ], where Z 1 = 0 refers to the animals without records, and Z 2 refers to the animals with records. The order of fit, m, was equal for the genetic and permanent environmental part; therefore, Z 2 = W = T Λ, where T = (n × ω) matrix with row vectors of size ω with standardized DIM (ranging from −1 to 1) to the power equal to the following order of fit (0 … m). Λ = a (ω by ω) matrix with the polynomial coefficients on the Legendre scale (12) . The (co)variance structure modeled for u is Var(u) = A ⊗ G, where A = additive genetic relationship matrix, ⊗ = Kronecker product function, and G = var(k (ω) ) = additive genetic covariance matrix of the genetic random regression coefficients. Similarly, Var(p) = I ⊗ P, where I = identity matrix, and P = var(l (ω) ) = permanent environmental covariance matrix of the random regression coefficients and describes the permanent environmental component of a lactation for a cow. The residual variance structure (σ 2 e ) was assumed diagonal and constant over DIM.
Parameter Estimation
Variance components were estimated for a RRM with Gibbs samples were computed using the architecture of an iterative BLUP scheme according to Gauss-Seidel for solving the mixed-model equations [see Janss and de Jong (9)]. In each round, elements of the vectors b were sampled and for u and p blockwise per animal from the full conditional posterior distributions [5] where n i = number of observations in fixed effect class i,
, and u i and p i = vectors with genetic and permanent environmental effects per animal. Blockwise sampling was implemented by decomposing the matrix of animal parameters into a lower and upper triangular matrix (i.e., LU-decomposition). Next, variance components were updated from the quadratic forms. The update of σ 2 e was sampled, assuming a uniform prior distribution, from the full conditional posterior distribution σ 2 e |b,u,p,y ∼ SSE/χ 2 ν [6] which is an inverted chi-square distribution where SSE = e′e (e follows from [1] ), and ν = n-2 degrees of freedom. For G and P, the full conditional posterior distributions were inverted Wishart (IW) distributed with dimension ω of G and P (i.e., order of fit + 1). Uniform priors were assumed (27) ; therefore, the full conditional posterior distributions for G and P are
P|p ∼ IW(SSP
,ν) [8] where ν = n − (ω + 1) degrees of freedom and scaling parameters are Effective chain size was calculated as the lag-(0)-autocovariance divided by the variance of the Monte Carlo variance estimator (24) for the total chain length. Minimum and maximum is the effective total chain size for the variance component estimate with the lowest and highest number of independent samples, respectively.
. .
Samples were obtained from a ω-dimensional Wishart distribution [W ω (SS,ν)] according to a procedure described by Sorensen (24) and were subsequently inverted to yield samples of an inverse Wishart distribution (24) using a LU-decomposition. The marginal posterior means obtained in this procedure were used as estimates for the variance components. The Gibbs sampler was run until the effective chain size (Ψ ) was approximately 50 independent samples for most variance components. Ψ was computed as γ(0)/Var(α ), where γ(0) = lag(0)-autocovariance which is a measure for the amount of covariance between subsequent samples, and Var(α ) = estimated variance of the Monte Carlo variance estimator, which is the sampling variance [see Sorensen (24) for details]. Burn-in (determined graphically), total chain length, and effective chain size are given in Table 1 for the different orders of fit.
Model Comparison
Parameter estimates and covariance structures predicted by the different Legendre polynomial RRM were compared with those from a multiple-trait analysis using ASREML (4). In the multiple-trait analysis, the lactation trajectory (d 5 to 305) was split into 10 periods of 30 d, and (co)variance components were estimated by 45 bivariate analyses. The fixed effects of year-season at calving and age at calving were accounted for as in the RRM, but herd-year-season classes of 3 mo were used instead of herd test date effects. For the genetic and permanent environmental covariance matrices of the polynomial coefficients, eigenvalues were calculated to quantify the relative importance of each order.
RESULTS
Model Parameters
Burn-in and effective chain length increased strongly with the order of fit to reach approximately 50 independent samples (Table 1 ). The effective chain size for each variance component was at least 50 independent samples long, except for k 5(4,4) , which was 40 (where k m(i,j) = covariance estimate between the genetic random regression coefficients i and j in an RRM with order of fit m).
Residual variance estimates decreased steadily with the polynomial order of fit (Table 2 ). Although the decrease in residual variance seemed to stabilize for the higher orders, it was still 8.9% from LEG(2) to LEG(3) and 5.4% from LEG(3) to LEG (4) . Covariances between the random regression coefficients are presented as correlations in Table 3 (genetic correlations below diagonal and phenotypic correlations above diagonal). In all models, covariance matrices were positive definite for both the genetic and permanent environmental parts. Corre- LEG ( . In general, correlations were stronger for the genetic component, especially between the high-order coefficients.
(Co)variance Component Estimates
Genetic and permanent environmental variances were calculated for each day along the lactation trajectory from the estimated covariance function coefficients. The permanent environmental and residual variances (summed together) were high at the beginning and end of lactation and lower in between ( Figure  1 ). For clarity, not all orders of fit were presented in the figures, but only those really differing from each other. However, all models, except LEG(0) and LEG(1), predicted variances with a similar shape, as was observed from the bivariate estimates. The goodness-offit (i.e., the predicted shape of variances over DIM compared with the bivariate estimates) improved with the order of fit, although the absolute level of variance estimates was slightly lower. The latter is probably due to better correction of the fixed effects in RRM compared with the bivariate model. When the complete covariance structures were plotted as stacked areas (Figure  2 ), the observed shape (bivariate) seemed different from LEG(1) and was not modeled with sufficient accuracy until LEG(4) was used (not all results presented). Although differences between LEG(3) and LEG(4) were small, based on the predicted covariances at least a fourth-order polynomial [LEG (4) ] was needed to model the permanent environmental covariance structure. Predictions of genetic variances over DIM (Figure 3 ) varied considerably more between models. The shape of the bivariate estimates was not very smooth because of the 30-d intervals, and they showed an unexpected drop around d 105. The lower-order models, LEG(0) and LEG(1), predicted a basically different shape, which implied that a higher-order polynomial regression (i.e., LEG(3) or higher) was necessary for a sufficient fit of the genetic covariance structure over the whole trajectory in an RRM. In general, the bivariate genetic variances were lower than the genetic covariances for the RRM. This result may be because the bivariate genetic covariance estimates were actually estimating the average covariance between the DIM of a 30-d period, which is lower than the genetic variance at a particular DIM as predicted by the RRM. Note that LEG(0) estimated the average genetic covariance over all DIM and, therefore, yielded the lowest genetic variance (Figure 3 ).
Complete genetic covariance structures (Figure 4) showed that LEG(1) predicted a different shape than observed (bivariate). For the higher orders, bias of the bivariates was largest for predictions of covariances along the diagonal for days not far apart and small elsewhere. When comparing LEG(3) and LEG(4), LEG(4) fit the shape of the covariance structure slightly better in the beginning of the lactation.
Heritability estimates along the lactation trajectory ( Figure 5 ) showed shapes similar to the genetic variation but were less extreme at the beginning and end of the trajectory because of higher permanent environmental variances. Bivariate estimates varied from 0.21 to 0.43. The heritability of the repeatability model [i.e., LEG(0)] was 0.31 and was close to the value currently used in the lactation model, indicating that the RRM did not overestimate the heritability. For the higher orders of fit [LEG(2) to LEG(5)], heritability varied from 0.20 to 0.46. Overall, model LEG(3) and higher resembled the bivariate estimates well, although the absolute level was slightly higher, which was probably caused by averaging of the covariances between DIM for the bivariates, and better correction for the correlations among DIM within the RRM.
Eigenvalues of Covariance Matrices
Eigenvalues (Table 4) for the genetic and permanent environmental matrices of random regression coefficients did not vary much for the different orders, except the first eigenvalue (zero-th order) for permanent environment decreased with the order of fit of the model. For the genetic part, the first three eigenvalues explained over 98% of the variation, but for the permanent environmental part, four eigenvalues were needed to explain over 98%; five were needed to explain over 99%. Hence, LEG(3) or LEG(4) was needed to fit the permanent environment appropriately [i.e., over 99% of the variance was explained by model LEG (5)]. Because the order of fit of genetic covariances should be equal to that of the permanent environment (16), LEG(3) or LEG(4) is also needed for the genetic effects (although Table 4 suggests that it might be modeled by a lowerorder Legendre polynomial).
DISCUSSION
For the implementation of a RRM in the genetic evaluation of dairy cattle, it is important that breeding values are estimated accurately and that predictions do not fluctuate if information accumulates. Therefore, the goodness-of-fit of a RRM (i.e., the minimum order needed to model the observed variance in the data with sufficient accuracy by a covariance function) should be investigated carefully. Although this would suggest high orders of fit, such models could lead to incorrect estimates because of overparameterization (7, 10) ; moreover, the feasibility of the RRM depends on the order of fit because of limited computing resources. Therefore, the order (i.e., the number of parameters to be estimated per animal) should be kept as low as possible. In an earlier phenotypic study (17) , a thirdorder polynomial RRM was sufficient if complete lactations were used for parameter estimation and a correction of heterogeneous variances over DIM was applied. Without those two restrictions, a fifth-order polynomial covariance function was required. Although higher orders of fit (i.e., up to a seventh-order) were estimable, the goodness of fit improved hardly anymore. However, in a genetic RRM, the number of parameters is doubled when the random part of a lactation curve is modeled by two polynomial random regression functions, one for the genetic part and one for the permanent environmental part. To ensure that both functions fit equally well (i.e., to avoid problems of permanent environmental variances being fitted by the genetic curve and vice versa) the same order of fit was used for both effects. Further, any implicit extrapolation was avoided by selecting only complete lactations. Discarding the incomplete lactations (14%) might have introduced a selection bias in the data (e.g., might have been due to poorly producing cows that did not get the chance to complete the lactation). However, this possible selection bias seemed to have little effect on the observed variances for daily milk yields and yielded even better estimates for predictions of missing records (17) .
Preliminary results from 8000 lactations, using AS-REML, were inconsistent and indicated that more lactations (i.e., more informative information) should have been used. Therefore a relatively large data set of 23,700 complete lactations was created. Although, selection for at least 10 observations per herd test date might have favored lactations from large farms, and selection of at least nine paternal half-sibs might have favored evaluated bulls, we assumed that the data set was a representative sample of the Dutch cattle population. All 23,700 first lactations were realized on 457 herds, and the cows selected were offspring of 262 sires (69% had up to 50 daughters, and 81% had up to 100 daughters). By selecting those animals, the information content of the data increased, by avoiding small fixed effect classes and ensuring large enough offspring groups to improve estimation of the animal effects.
With high orders of fit and a large data set, the memory requirement of deterministic variance component estimation programs based on direct solving of the mixed-model equations was enormous. Therefore, Gibbs sampling was used instead and needed less than 40 Mb of memory although computing time increased remarkably. With flat priors, no assumptions have to be made about prior information, and parameters were fully estimated from the content of the data. The estimates from Gibbs sampling resemble maximum likelihood estimates, because, in a Bayesian analysis with flat priors for variance components, the modes of the joint posterior distribution f(G, P, σ reported for the Gibbs analyses are comparable to the REML solutions.
At first sight, the bivariate estimates showed slightly different patterns (i.e., lower level and less smoothed) as the RRM even with higher orders of fit and might be explained by the way it was analyzed. The 30-d intervals used in the bivariate analyses resulted in some averaging over DIM and lowered predictions for the (co)variance and correlation estimates, which was especially apparent for days close together. More data and smaller intervals would smooth the shape for the bivariate estimates and overcome the problem. Also the different fixed-effect corrections in the bivariate analyses (i.e., herd-year-seasons instead of herd test date and no correction for DIM within the 30-d period) may have influenced the level of bivariate estimates. The RRM might include different fixed-average lactation curves to observe the level of production better for different groups of cows.
The genetic and permanent environmental variance estimates realized in this study were of the same order as in the literature (15, 21) . Results were very similar to Rekaya et al. (21) , although they described slightly higher variance estimates at the extremes of the lactation curve and a flatter heritability curve. That is, the curve was higher at the beginning and end of lactation and was lower in between for a fifth-order regression on DIM. Genetic variances described by Olori et al. (15) were of a higher level and increased toward the end of lactation. In contrast, our results for genetic variance were highest in the middle of lactation, as observed for the bivariate estimates. Averaging within the bivariate estimates and accounting for correlations among test days in the RRM, resulted in higher heritability estimates for daily test-day records in the RRM. Heritability of lactation yield was, as expected, even higher, but comparable to values reported in literature for first lactations (9) and suggests that the RRM did not overestimate the heritability.
The choice of the required order of fit was based on the following. 1) Residual variances ( Table 2) . Those decreased steadily with the order of fit but were less than 5% when substituting LEG(4) by LEG (5) . Therefore, the improvement with higher orders of fit was limited, and the reduction of residual variance might be mainly due to fitting irregularities in the data.
2) Genetic and permanent environmental variances (Figures 1 and 3) . Due to more flexible curves, LEG(3) and LEG(4) seemed to fit the genetic and permanent environmental variances better than the lower orders of fit.
3) Genetic and permanent environmental covariances ( Figure 2 and 4) . The fit of LEG(4) has the shape most similar to the bivariate estimates for permanent environmental covariances observed in the data. Compared to LEG(3) and LEG(4), which modeled similar shapes as observed for the bivariate genetic covariances, the shape fitted by model LEG(1) was structurally different.
4) Eigenvalues for the genetic and permanent environmental covariance function matrices (Table 4) . A sufficiently large proportion of the variances observed for test-day records in the data was explained by LEG (3) and LEG(4) based on the eigenvalues. And, the relatively higher value of the permanent environmental eigenvalues indicated that the permanent environmental effect needed to be modeled with more, higher orders of fit than necessary for the genetic component.
Thus, LEG(3) or LEG(4) seemed to yield a sufficient fit of the covariance matrices based on these criteria. In previous work (17) , it was found that an accurate prediction of missing records tended to equal the highest order. Therefore, our recommendation is to use a fourth-order polynomial [LEG(4)] for both the genetic and permanent environmental effects, such that the model is equally well equipped to model both effects (15, 16) . However, the relatively small eigenvalues for higher orders indicated that a simpler covariance function of reduced rank might be based on the eigenvectors pertaining to the highest eigenvalues. When all eigenvalues with a relative value of less than 2% are set to zero, the genetic covariance matrix is of rank three and for permanent environment of rank four. Thus, it seems that the genetic covariance matrix can be modeled more simply than permanent environment and that the number of parameters to be estimated per cow can be reduced while maintaining the high order Legendre polynomial in a RRM. Computationally a fourth-order RRM was feasible, but for further development of the model into a multiple lactation model and especially into a multiple lactation and multiple-trait RRM the number of parameters will increase considerably and a further reduction of the number of parameters will be necessary.
